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Abst rac t - -The  order of difficulty for identifying symmetries is analyzed by psychological experi- 
ments. Each stimulus consists of three squares: top, left and right. Each square is again divided into 
4 x 4 squares (cells). Each cell has one iconic figure such as an arrow, circle, or rectangle. These three 
figures exhibit one of the symmetries: vertical reflection, horizontal reflection, diagonal reflection, 180 
degree rotation. Symmetries are analyzed at two levels: global coordination (the global cell-to-cell 
correspondence pattern) and local operation (how the iconic figure is rotated within each cell). The 
order of difficulty is determined not only by the independent global coordination type and by the 
local operation type, but by the palrwise comparison ofglobal coordination types, i.e., how difficult 
it is to discriminate wo global coordination types. 
Keywords--Symmetry cognition, Problem solving, Cognitive model, Symmetry perception, Per- 
ception of figures. 
1. INTRODUCTION 
Humans inhabit a world where symmetry of various forms is omnipresent and often important. 
The symmetries we encounter include those of a perceptual nature, those that arise from our two- 
handed action and those that are more conceptual in origin. What is possibly the most salient 
and important occurrence is the bilateral symmetry that exists when one views another person. 
Other symmetries that are important include those present in both the natural world, ranging 
from the radial symmetry of a starfish to the bilateral symmetry of mammals, and the symmetries 
present in the built world, including the bilateral symmetry of books, buildings, bicycles, and 
lawnmowers. There are recent indications that the presence of symmetry is also a marker of 
health or fitness in organisms, playing a significant role in mate selection, and thus being itself 
subject o selection pressure. 
An important distinction that can be made between types of symmetry is between symmetries 
that are primarily perceptual (i.e., that affect the appearance of objects) and symmetries that 
are symmetrical with respect o actions performed on them. 
The set of important symmetry-exhibiting objects and entities thus includes those that are per- 
ceptually encountered (flowers) as well as those that are the recipients of bilateral action (lawn 
shears). The latter, action-oriented symmetry, is very likely due to the presence of symmetry 
in the "actor" and thus can be seen as somewhat less primary than perceptual/structural sym- 
metries. Whatever the source, the effect of such a£tion-oriented symmetries i to increase the 
Typeset by ¢4A4S-TEX 
93 
94 Y. ISHIDA AND K. KOTOVSKY 
symmetrical  nature of the world we inhabit. The ubiquitous presence of symmetries of various 
kinds in our environment, the multipl icity of its forms, and the modes of interaction we have with 
it, suggest hat it may constitute an important environmental  gent in which our thought and 
action ave situated. Its presence and use by a wide range of biological organisms lends weight to 
it being not just ornamental  but also functional. The purpose of the present paper is to present 
the results of an investigation of the ease with which people perceive various types of symmetry. 
Symmetry has been noticed and used in many ways. Its usefulness or functionality is central 
to an understanding of many scientific domains. In biology, the presence or absence of various 
types of symmetry is a major taxonomic marker. The presence of spherical, radial or bilateral 
symmetry is a major determinant of the categorization of organisms within phyla. Its use in 
physics is even more central. Symmetry is a major tool for predicting the existence of many 
fundamental  particles and interactions. It is not an exaggeration to say that symmetry is a 
central and defining element of the science. Its role in chemistry may be almost as important  
in the description and classification of molecular structures. In other domains, it plays a lesser 
but still important  role. Previous work on symmetry, and on people's abil ity to perceive various 
symmetrical forms, constitutes a rich and extensive set of findings. These can be organized 
according to whether or not the symmetry operates at a perceptual level [1-3] or whether the 
symmetry operates at a more cognitive level of processing [1]. 
The current work was motivated in part by an attempt o replicate at a perceptual level a 
set of conceptual symmetries that take the form of a tradit ional Japanese puzzle (a huojin). 
The structure of a huoj in is depicted in Figure 1, where we can see that  the puzzle consists of 
a set of simple mathematical  operations that  replicate across various axes of symmetry. The 
perceptual variants used in the current experiment consist of two basic types of symmetrical 
operations (global and local) similarly arranged across various axes of symmetry. We attempt 
here to explore peoples' responsiveness to various types of symmetries by determining whether 
some types of symmetrical operations and axes are easier to perceive and use than are others. 
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Figure 1. An example of houjin by G. Abe. The entire houjin consists of sixteen 4 × 4 houjin [5]. 
Symmetry in an object can be defined by a mapping from the object to itself (automorphism 
in mathematics).  If we can define a mapping on an object and the image of the object is 
indist inguishable from the original object, then the object is said to have a symmetry defined 
by the mapping. For example, we can define rotation on an equilateral triangle. The original 
equilateral triangle is indistinguishable from the one we get after a 120 degree rotation. Thus, 
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the equilateral triangle has a symmetry defined by 120 degree rotation. In this manner, every 
symmetry can be defined by an appropriate mapping. 
If we divide a figure into two levels, whole and components, the mapping of a symmetry 
will also be divided into two corresponding levels. While the mapping corresponding to the 
whole-level will determine the coordination of a component in a global frame of reference, the 
mapping corresponding to the component will determine how that component is rotated on the 
position determined by the whole level mapping. We call the mapping on the whole-level global 
coordination, and the mapping on the component level local operation. 
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Figure 2. A figure composed of4 × 4 cells with vertical reflection symmetry. 
For example, consider a figure composed of 4 x 4 cells as in Figure 2. Let us refer to a cell by 
its coordinates as (left-most/top-most), (right-middle/bottom-most) andso on. Figure 2 has a 
vertical reflection symmetry which will be divided into the local operation of right-left flip and the 
global coordination determining the coordinate correspondence (as shown in Figure 3): (right- 
most/top-most) ~ (left-most/top-most), (right-middle/top-most) ~ (left-middle/top-most), e c. 
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Figure 3. Cell to celt correspondence of global coordination =vertical reflection. 
Let us consider the four types of symmetry: vertical reflection, horizontal reflection, diagonal 
reflection and 180 degree rotation. These four symmetries will determine not only the global 
coordination (cell coordinate correspondence patterns) but also the local operations. These four 
local operations are, respectively, right-left flip, top-bottom flip, 90 degree rotation and 180 degree 
rotation (i.e., carrying out both of right-left flip and top-bottom flip simultaneously), respectively. 
In the case of vertical reflection symmetry shown in Figure 2, not only is the global coordination 
determined as shown in Figure 3, but also the related local operation is carried out for each 
component in corresponding cells: right-left flip, in this case. We call these natural combinations 
of global coordination and local operation. In addition to the natural combinations, we will 
consider three types of combinations: 
(1) local operation is fixed to be a right-left flip (while the global coordination ranges over the 
above four types), 
(2) local operation is fixed to be a 180 degree rotation (while the global coordination ranges 
over the four types), and 
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(3) local operation is fixed to be a translation (while the global coordination ranges over the 
four types). 
Thus, we have four types of global coordination: V (global coordination of vertical reflection), 
H (that of horizontal reflection), D (that of diagonal reflection) and R (that of 180 degree rota- 
tion), and four types of local operations: n (natural), v (right-left flip), r (both flip) and t (no 
flip). Among these types of local operations, the natural type does not mean a particular fixed 
local operation but a local operation aturally associated with the global coordination. 
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Figure 4. A typical stimulus from a session of local operation =right-left lip. Global 
coordination oftop, left and right figures are R, H, and D, respectively. 
2. EXPERIMENT 
Seven males and three females volunteered to served as Ss. They are graduate students, scien- 
tists and their wives. 
The experiment was carried out by presenting stimuli and recording responses on a computer. 
Stimuli (as shown in Figure 4) consisting of three figures; top, left and right were presented on the 
screen of the computer to Ss (subjects), who were asked to indicate which of the two bottom row 
stimuli (left-right) had the same global coordination type as the top figure. In addition to these two 
responses, the other two responses: "both" (are the same type) and "neither" (axe the same type) 
axe included to prevent Ss from using eliminating heuristics; without these response categories 
subjects could give the correct answer without processing both stimuli by simply comparing the 
easiest o match (or non-match) lower row stimulus. Response times as well as subjects' answers 
were recorded. 
We adopted this three comparison methodology rather than identification methodology or a 
paired comparison methodology. We did not use paired comparison methodology because of the 
difficulty of having exactly the same understanding as the subjects as to the same symmetry 
type. For example, we expect vertical and horizontal reflection symmetries are different global 
coordination types, however, subjects may take them as two examples of the same category, 
i.e., both exhibiting reflection symmetry. We did not adopt identification methodology because 
we also wanted to know the contrast effect due to the interaction of different ypes of stimuli. 
Further, the identification requires the precise understanding of symmetry types. 
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The experiment for one subject consisted of four sessions for different ypes of local operations: 
n (natural), v (right-left flip), r (both flip) and t (no flip). Each session consisted of twenty 
stimuli presented in a randomized order. In any one session, the local operation type was fixed. 
The sessions were carried out in the fixed order of local operations: natural, right-left flip, both 
flip and no flip. 
3. RESULTS 
Table 1 shows the F-values from the analysis of variance. It should be noted that the global 
coordination type of the top, right, and left figures had significant effects on response time as well 
as on the numeral correct response (P-value is 0.0001 for all of them). Among three positions 
of figures (i.e., top, left, right), the top had the largest effect on response time as well as correct 
response. This is not just a matter of position but a matter of referent and reference. In other 
words, top appeared twice; in the comparison of the top and right and in that of the top and left. 
There seems to be a slight difference in the effect of right and left positions, too. We will discuss 
this asymmetry in this section below in more detail. 
It is interesting that type of local operation had a significant effect on response time (P-value 
is 0.0001), but not on correct response (P-value is 0.3868). 
It should be noted that we cannot compare the effect of local operation and global coordination 
on the same basis due to the design of the experiment: the local operation was fixed within a 
session, and the sessions were carried out in a fixed order for every Ss. 
Table 1. F-values from analysis of variance. 
Response time Correct response 
Global 31.233"* 91.246"* 
coordination of Top 
Figure 
Global 7.48** 26.527** 
coordination of Right 
Figure 
Global 8.267* 23.453* 
coordination of Left 
Figure 
Local operation 11.507"* 1.011 
*p ~ 0.05, **p ~ 0.005 
The order of difficulty of the global coordination types based on the top figure follows: 
180 degree Rotation > Diagonal Reflection > Horizontal Reflection > Vertical Reflection. 
A > B indicates that type A is more difficult (longer response time or lower proportion of 
correct responses) than type B. Order of difficulty for the global coordination type is the same 
when measured by response time or by correctness. This order remains the same under all four 
types of local operations except right-left flip. In the latter case (and only the latter case) diagonal 
reflection is slightly more difficult than 180 rotation when measured by response time. Further, 
the order of difficulty for global coordination type of the top figure is the same as the order by the 
difficulty for global coordination type of the bottom right and bottom left figures. The finding 
of a preference (more rapid identification) for V over H global symmetries i consistent with 
previously reported results [6]. 
The order of difficulty of local operations measured by proportion of correct response is as 
follows: 
right-left flip > both flip > no flip > natural. 
30-7-H 
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The difficulty order measured by response time is almost the same except hat the no flip and 
natural operations are equally difficult. Although the above order is supported by the analysis 
of variance and seems reasonable, we must be a bit tentative about this conclusion due to the 
fixed-order methodology of the experiment which might have allowed for some practice effects. 
As mentioned in 2.1.2, each stimulus consists of three figures: top, left, and right. We labelled 
the global coordination type of the stimuli by the initials of the global coordination of the top 
figure, left figure and right figure, respectively. DVR, for example, stands for the top figure 
having the global coordination type diagonal reflection, the left figure in the bottom having the 
global coordination type vertical reflection, and the right figure in the bottom having that of 180 
rotation symmetry. 
The difficult combinations for all four types of local operations are DDD and RRR. These 
two combinations are among the most difficult five for all four types of local operations when 
measured by either response time or proportion of correct response. The combinations consisting 
of two of R or D such as DDR, RDR, RRD and RRH are also difficult. Easy combinations 
common to four types of the local operations are those consisting of H and V: HHV, VHV, VVH, 
and those consisting of two H or V: VDV, VVR, HHR, VVD. An example is the combination 
VVV, which is not as easy as these combinations. It may be because the combinations of three of 
the same type (not only VVV but in general) and three different ypes create an extra pressing 
load, since these combinations are not as common as those consisting of two at the same type 
and one different ype such as HHV. 
How the different ypes of local operations affect the order of these combinations i not very 
clear. The local operation of 180 degree rotation makes the combination RRR relatively easier 
when measured by both response time and proportion of correct response, since this local opera- 
tion is that naturally associated with the global coordination of R. For the same reason, the local 
operation of right-left flip is expected to make the combination VVV relatively easy. However, 
this is true only when measured by the proportion of correct responses. 
The experimental data can be analyzed by focusing on the identification process, i.e., whether 
or not subjects correctly identified the same global coordination. When the global coordination 
type of top figure is X the frequency of how many times subjects choose the same type X and 
also how many times subjects choose the different one Y, are counted. Let the former frequency 
be denoted by (X,X) and that of the latter (X,Y), then we have four by four matrix where X 
and Y ranging over V, H, R, D. This matrix is similar to a confusion matrix introduced in the 
identification experiment [4]. We will call this matrix the confusion matrix of the first kind. 
We designed the experiment so that two cognitive processes are involved, that of identification 
of the same global coordination and that of discrimination between different global coordinations. 
These two processes may be taken into account by modifying the above defined matrix. Suppose 
that global coordination type of the top figure is X, that of the left one is Y, and that of the right 
one is Z (X,Y,Z may be different or the same). If the subject chooses the left one (whose type is Y) 
as the same type as the top one, then we not only increment the element (X,Y) by one but also 
decrement the element (X,Z) by one. The increment corresponds to the (mis)identification a d 
the decrement corresponds to the (mis)discrimination. When the subject responded as (neither) 
both are the same type, both (X,Y) and (X,Z) are (decreased) increased. We call this matrix the 
confusion matrix of the second kind. 
The order of identifiability (the value of diagonal elements of confusion matrix) is: V>H>D>R 
except for the confusion matrix of the first kind for local operation = natural. (In this case, R is 
slightly higher than D). This order is supported by the results of the analysis of variance. 
The value for identification of V is almost the same regardless of the type of local operation. 
The identifiability of H decreases for local operation = both flip. The identifiability of R decreases 
for local operation = right-left flip, both flip and no flip. 
The confusion between R and D has the highest value (is most confusing) in both the confusion 
matrix of the first and second kind. This is true for all the local operations except local operation 
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= both flip. In this case, although (R,D) has the highest value, (D,V), (H,V), (R,H), and (R,V) 
have higher values than (D,R). 
Confusion between H and D has the lowest value for almost all local operations. 
There is a qualitative difference between the role played by the top figure and the bottom (right 
and left) figures. This is due to the top figure appearing twice in the comparison process. This is 
supported by the analysis ov variance which indicated a significant difference between the effects 
of the top and bottom figures. We can see the asymmetry by observing how (X,Y) is different 
from (Y,X) in the confusion matrix. 
The order of asymmetry of XY is measured by the absolute value of {(X,Y) - (Y,X)}/ 
{(X,Y) + (Y,X)}. Asymmetry of VR is the highest in the confusion matrix of the first kind 
except for the case of local operation = both flip. In the case of local operation = both flip, the 
asymmetry of VD is the highest, and that of VR becomes the lowest. These asymmetries may be 
explained by the fact that the global coordination = V is the easiest, and those of R and D are the 
most difficult as mentioned in the previous ection. The asymmetry of VR becomes the lowest in 
case of local operation = both flip because this local operation is the natural one associated with 
R and hence makes R relatively easier. 
This highest value found in the matrix of the first kind means that the frequency of misidenti- 
fying the top figure of global coordination V with the bottom figure of global coordination R is 
quite different from that of misidentifying the top figure R with the bottom figure V. 
Asymmetry of RD is the highest in the matrix of the second kind. The highest value here 
means that discriminating the top figure R from the bottom figure D is quite different from 
discriminating the top figure D from the bottom figure R. 
It can be roughly stated that the combinations of an easy and a difficult symmetry (such as 
VR or VD) increase asymmetries of the first kind, however, the combinations of difficult ones 
(such as RD) increase asymmetries of the second kind. The reason for the asymmetries of the 
first kind comes from the asymmetry in the relative influence of the top figures and the bottom 
figures (as discussed above in this section), which makes the number of misidentification of an 
easy top figure with a difficult bottom figure smaller than the opposite case (misidentification f 
a difficult top figure with an easy bottom figure). The reason for the asymmetry of the second 
kind is not as clear as that for the first kind. Since the asymmetries in misidentification for the 
combinations of two difficult figures is not as evident as those for combinations of an easy one and 
difficult one, high asymmetries (in the combinations of difficult ones) of the second kind should 
be attributed to the asymmetries in misdiscrimination. If both the top figure and the bottom 
figure are difficult, then it would create more chances of a mistaken discrimination, creating the 
possibility of the asymmetry. 
The order of asymmetry is affected by the type of local operation. For the confusion matrix of 
the first kind, asymmetry of HR increases for local operation = right-left flip, those of VD and 
VH increase for local operation = both flip, and that of HD increases for local operation = no flip. 
For the confusion matrix of the second kind, asymmetry of VD increases for local operation = 
both flip although VD is relatively symmetric in other local operations, that of HD increase for 
local operation = right-left flip although it is relatively symmetric in other local operations, and 
that of HR increases for local operation = no flip. 
Ss were asked questions about the strategies they used and the order of difficulty of the global 
coordinations, immediately after completion of the experimental tasks. Most Ss seem to try to 
look for global coordinations of V,H, and if they failed, they considered R and D by careful 
corresponding cell to cell comparison. Many Ss reported that the presence of an arrow in a cell 
is helpful and that the square in a cell is confusing. The arrow provides more readily accessible 
information than the more symmetrical square. This result corresponds to previous work on 
the detection of symmetry among dot patterns where it was found that the degree of disparity 
(deviation from symmetry) had a strong effect on the detectability of symmetry [7]. 
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Most Ss reported V and H are much easier to recognize than D and R. However, the ordering 
between V and H, and that between R and D is not clear from the protocol. 
4. SYMMETRY DETECT ION 
PROCESS 
We will discuss the process of cognition and problem-solving evidenced by subjects in the 
task. In one extreme, the task of this experiment can be solved only by the identification of the 
global coordination type of each of three figures (top, left and right) without comparing them. In 
another extreme, the task can be solved only by the comparison of top and left, and the top and 
right figures; whether or not their global coordination type is the same (without he necessity of 
identifying the global coordination type of each figure). 
Ss seem to try to first identify the figure rather than comparing pairs of figures, especially if the 
figure focused on has an easy global coordination type (i.e., V or H). The identification has two 
modes: an immediate one (without cell-to-cell comparison) and a detailed one (with cell-to-cell 
comparison). If Ss fail to identify the focused type via the immediate mode, then Ss may (1) go 
on to attempt he identification of the next figure focused on, (2) go to the identification of the 
current figure via a detailed mode of identification, or (3) go on to the comparison of the current 
and the next focused figures. 
Figure 5 shows the diagram of a possible process model. The default order for processing the 
figures is top, left, and right, as discussed in the previous section. In the processing of each 
figure, the immediate mode of identification is first activated. If the global coordination of the 
figure is not identified by the immediate mode, then subjects will proceed to the detailed mode 
for identification. Since the detailed mode imposes a heavy load, subjects may escape to the 
easier task of the immediate identification of the other figures or to the comparison of the current 
figure with the top figure. This latter option often occurs when one of the top figure has been 
immediately identified and the current figure is different. The Ss only needs to process the current 
figure to the point of detecting a single difference, they do not have to progress it to the point of 
identifying the symmetries present. 
In the comparison of a pair of figures, the order of difficulty cannot be ascertained by considering 
each global coordination type independently; rather the contrast between the two figures seems 
to be important. For example, when the local operation = natural, DHD is more difficult than 
DVD. Thus, the global coordination type D is easier to identify when contrasted with V than 
with H. 
There is an asymmetry for the order of difficulty between the combinations Difficult-Easy where 
the top-figure has a difficult global coordination (R or D) and the bottom figure has an easy one 
(V or H) and Easy-Difficult where the top-figure has an easy global coordination and the bottom 
figure has a difficult one (e.g., asymmetry between RV and VR as stated in the previous ection). 
One reason for the asymmetry is that the top figure has more of an effect han bottom figures (as 
we mentioned in the previous ection, the top figure must be processed twice, in comparison with 
both bottom right figure and with the bottom left figure), thus amplifying difficulty or ease. The 
other reason is that one may find it much more difficult if one encounters a difficult symmetry 
first and then an easy one in the process of problem solving, compared with the opposite order. 
Encountering the difficult one may impose enough of cognitive processing load that it affect the 
processing of the subsequent processes. Such effects have been found in other problem-solving 
domains. 
The other evidence for this asymmetry can be found in the combination of the left figure and 
the right figure. Although there are not many combinations with which to compare this left-right 
asymmetry, the data show that the combination of left-difficult and right-easy is more difficult 
than the opposite case. This fact is consistent with the default order of handling bottom figures 
being from left to right. This is consistent with our overall conclusion that subjects eem to prefer 
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Figure 5. Diagram of possible process model. 
doing easier tasks first in this experiment. Such effects have been found with the perception of 
symmetry in patterns of dots. 
The other fact related to the cognitive and problem-solving process is that the local operation 
has an effect only on the response time, not on the proportion of correct responses. The local 
operations may affect the first part of the process (perceptual process, or how it looks) but does 
not seem to affect the next part of the process (problem-solving process, or how difficult it is to 
give a correct answer). 
It may reasonably be concluded that the process of finding the global coordination comes first, 
and that this is especially true when the global coordination is V or H. Subsequently, subjects 
found the global coordination of R or D, or went on to find local operations that they had not 
yet found in the session. 
5. SUMMARY 
By means of a psychological experiment, he order of difficulty in the detection of hierarchical 
symmetries in complex figures is identified as (from difficult to easy): diagonal reflection, 180 ro- 
tation, horizontal reflection and vertical reflection. This order seems to be robust for disturbance 
of local operation (how each iconic figure is rotated in a cell). 
With respect o difficulty, the global coordination type of the top figure is the most significant 
in determining the order of difficulty, and those of left and right figures are nearly the same. 
A process model of solving the task in the experiment is also discussed. The model reflects 
the dual nature of the task; that it consists of both a perceptual "immediate" process and a 
problem-solving component that is invoked on all but the easiest figures (almost exclusively 
those containing lobal coordination of V or H and corresponding "natural" local operations). 
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